Chapter 6 Sequences and Series

6.1 Sequences
(Math Power 12, pp. 286-291)

sequence: an ordered list of numbers usually written 
                     separated by commas.   Ex. 2, 4, 6, 8, …

t1 = the first term       tn = nth term    

recursive formula: a formula that relates each term of a 
                                     sequence to the term before.   tn= tn–1 + n

Example 1  Finding a recursive formula to generate a sequence

Oranges in a grocery store are stacked in square-based pyramids. Find a recursive formula that describes the sequence of the total number of oranges in square-based pyramids of increasing size.

	 No. of Layers in Pyramid
	No. of Oranges in Base Layer
	   Total No. of Oranges

	                 1
	                   1
	                1

	                 2
	                   4
	         1 + 4 = 5

	                 3
	                   9
	        5 + 9 = 14

	                . . . 

	                  . . .
	               . . .     

	                 n
	                   n2
	         tn–1 + n2



explicit formula: sequences that have a pattern that can be 
                                 described mathematically by the no. of the term.   

Example 2 Finding the pattern in sequences

Write the formula for the nth term. Recursive or explicit?

a)   3, 6, 11, 18, 27, …                      b)  1, 8, 27, 64, 125

Recursive tn = tn–1  + (2n – 1)       Recursive tn = tn–1 + 3n(n – 1) + 1 
Explicit tn = n2 + 2, t1 = 3                Explicit tn = n3
6.2 Reviewing Arithmetic Sequences and Series
(MathPower 12, pp. 292-296)

arithmetic sequence: a sequence that has a constant common
                                         difference, d, between successive terms.

tn = a + (n – 1)d        where “a” is the first term  

Example 1 Arithmetic Sequence

Find the first three terms of the arithmetic sequence where 
t12 = 52 and t22 = 102. 

t22 = 102                     102 = a + 21d
t12 = 52                      –  52 = a + 11d
Subtract                        50 = 10 d
                                           d = 5

Substitute in t2            52 = a + 11(5)
 (
The first 3 terms are -3, 2, and 7.
)                                         52 = a + 55
                                            a = –3

series: the sum of the terms of a sequence. 

Sn = the sum of the first n terms of the sequence. 

Recursive formula: Sn = Sn–1 + tn

 (
The first 5 terms of the sequence defined by t
k
 = 2k
.
)The Greek letter ∑ (sigma) corresponds to the English letter “S” and stands for sum.

            The variable k is called the index of summation.
The number below ∑ is called the upper limit of summation.

Example: Write the series in expanded form and find the sum. 


6.3 Geometric Sequences
(MathPower 12, pp. 297-301)

geometric sequences: sequences whose terms result from 
                                                  multiplying the previous term by a fixed 
                                                    factor.    

tn = arn–1              “a” is the first term          “r” is the common ratio

Example1: Using the geometric sequence 5, 10, 20, 40, …
                               find the value of t20.
[bookmark: _GoBack]
t20 = 5(2)20–1   t20 = 5(2)19    t20 = 2 621 440

Example 2: In 1990, the population of Canada was 26.6 million. 
                      The population in 2025 is projected to be 38.4 million.
                      If this projection were based on a geometric sequence, 
                      what would be the annual growth rate?

2025 – 1990 = 35     The population in 2025 is the 36th term.
t36 = 26.6r35
38.4 = 26.6r35
r35 = 
r = 
r = 1.0105

Example 3: Two years after purchase, the resale value of a car 
                      was $10 000. Five years after purchase, the resale 
                      value was $5000.  If the annual depreciation forms a 
                      geometric sequence, what was the car’s original price?

        r3 = 0.5     r =                   
                                                              
6.4 Geometric Sequences and Compound Interest
(MathPower 12, pp. 297-301)

The formula for compound interest is:  where

A is the total amount of money with interest
P is the principal (initial amount of money invested)
i is the interest rate (decimal)   i =    no. of compounding periods per year
n is the total number of interest periods

Example: $2000 is to be invested for 17 years. Plan A pays 9%
                   interest compounded annually and Plan B pays 8.5%
                   compounded semi-annually. Which plan is better?

Plan A:          A = 2000(1+ 0.09)17             A = $8655.27
Plan B:          A = 2000(1+ )34             A = $8234.10

Plan A is better by $421.17

Rule of 72

Financial planners use the “rule of 72” to obtain quick
estimates of the time it takes for an investment to double.

The no. of years to double = 


The Rule of 72 is most accurate when the interest it compounded annually.

Using logarithms:  

Example: How long would it take for $100 to double at 5%?

 (rounded down to 14 years)

6.5 Geometric Series
(MathPower 12, pp. 306-310)

If you could invest $1000 each year on your birthday from age 18, earning 12% interest compounded annually, how much would you have on your 61st birthday?

Sn is called the nth partial sum
For the sequence 1, 3, 9, 27, 81, 243, the third partial sum, 
S3, is 1 + 3 + 9 = 13.

The formula for the sum of a geometric series is:



Example 1: Find the sum of the first 12 terms, the 12th partial 
                       sum, of the geometric series 1 +  +  +  + …





        = 1.499 997      The sum of the first 12 terms is ≈1.5.

Example 2: Write the following series using sigma notation.
                       8 + 4 + 2 + … + 

8  =  8+  8






6.6 Infinite Geometric Series
(MathPower 12, pp. 313-317)

infinite geometric series:   , for –1 < r < 1.

convergent series: a series with an infinite number of terms, 
                                    in which the sequence of partial sums 
                                    approaches a fixed value.

divergent series: a series with an infinite number of terms, 
                                 in which the sequence of partial sums does
                                 not approach a fixed value.

Example: Decide whether each infinite geometric series is 
                   convergent or divergent. State the sum if it exists.

a)                  b) 

a)  a = 1, r =       Since –1 < r < 1, the series is convergent.

     




b)  a = 2, r = –2  

      Since r < –1, the series is divergent and has no sum.






6.6 Infinite Geometric Series Continued

Nested Squares  (MP 12, page 316, #18)

Nested squares are drawn inside one another by joining the midpoints of the sides of the previous square.
 


Fractals   (MP 12, page 317, #24)

A fractal is a mathematical set that has a fractal dimension that usually exceeds its topological dimension and may fall between the integers. Fractals are typically self-similar patterns.



Sierpinski’s Triangle   (MP 12, page 317, #25)

A fractal, Sierpinski’s triangle, can be created from an 
equilateral triangle by joining the midpoint of each side
of the triangle, then joining the midpoint of each side of 
each upward pointing sub-triangle, and then repeating.


6.7 Exploring Other Infinite Series
(MathPower 12, pp. 318-321)

Using an Infinite Series to Approximate π

Find the first five approximations of π based on the series


Expand the sigma notation to give the first five terms.




      

  

First approximation:  , 

Second approximation:  , 

Third approximation: 

Fourth approximation: 

Fifth approximation: 
image6.png




image7.png




image8.png
10000




image9.png
a = $15874.01




image10.png
A-P(1+i"




image11.png




image12.png
0.08s





image13.png
72
annualinterestrate x 100





image14.png
log-
log (1 + i)





image15.png
72

=

= 14.4years




image16.png




image17.png




image18.png
D | -




image19.png




image20.png




image21.png




image22.png




image23.png




image24.png




image25.png
G) + s() + -+ )




image26.png




image27.png




image28.png




image29.png
2—4+8—no




image30.png




image31.png




image32.png
ol | =




image33.png




image34.png




image35.jpeg




image36.jpeg




image37.jpeg




image38.jpeg




image1.jpeg




image39.png




image40.png




image41.png
) I G I ) I G I

’7172(1) 1-2(2) 1-2(3) 1-2(4)

—
—
—~




image42.png




image43.png




image44.png




image45.png
sl




image46.png




image47.png




image2.png




image48.png




image49.png
1S

11
=1--4+-.T =4

3 5

13
15




image50.png
1S

111
S1--4--o. M =4

3 5 7

76
105




image51.png
1S

1111

=1-—4+ -4+ =

35 7 O

789
945




image3.png




image4.png
38.4





image5.png
[
I

>

[N
o

>




